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Abstrat
The omplex branhed struture of lightning indue sientists to think that dieletri breakdown
is a very ompliated phenomena, we will show that this is not true and that simulating the struture
of lightning is an easy task, but depends strongly on boundary onditions. In this work we will
introdue a new way of understanding the origin of this tortuous path that relies on minimizing
the total energy stored in the system.
PACS numbers: 47.54.+r, 61.43.Hv
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It is well known that after harging a ondutor, the eletri harge try to spread out as
muh as possible on its surfae as a onsequene of the mutual repulsion between harges of
the same sign. When this harged ondutor has a sharp end or tip, the eletri eld just
outside this region is bigger than the eld outside other points that are far from the tip,
and when the eletri eld exeeds a ertain value, the dieletri medium (air for example)
will break and a disharge or spark will be initiated at the tip. A similar senario ours
in thunderstorms[1℄, where air urrents separate negative and positive harges produing
regions of high eletri elds, and when this eld exeeds the value for breaking the air
a lightning stroke is produed. The lightning disharge in thunderstorms and sparks be-
tween harged ondutors, span sales from millimeters to kilometers and evolve following
a tortuous path, forming a branhed struture that losely resembles a fratal[2℄.
Negative loud to ground (CG) ashes aount approximately for the 40% of all disharges
in natural lightning, there are also: intra-loud, loud-to-loud and loud-to-air disharges[3,
4℄. A typial negative CG ash last for about half a seond and an lower an eletrial harge
of some tens of oulombs. This ash an inlude three or four urrent pulses alled strokes
that last about a milliseond and are separated in time for several tens of milliseonds.
These CG lightning disharges are initiated by a downward-moving negative stepped leader,
eah step having a typial duration of 1 µs, tens of meters in length and pauses between
steps of 20 to 50 µs. In its way from loud to ground the stepped leader produes a typial
downward-branhed struture, the average veloity of propagation is about 2 ×10
5
m/s, the
average leader urrent is between 100 and 1000 A, and the potential dierene between the
lower portion of the leader and the Earth has a magnitude in exess of 10
7
V. As the tip of
this negative leader nears ground, the eletri eld at sharp objets on the ground inreases
until it exeeds the breakdown strength of air. At that time, one or more upward-moving
disharges are initiated from those points, and an attahment with the downward-moving
leader ours some tens of meters above ground. Then the rst return-stroke heats the
leader hannel to a peak temperature near 30,000 K produing thunder, and after several
strokes ashing in this hannel disappear.
When one is faed with the problem of simulating lightning the rst thing to do is to
simplify the geometry of the problem. The most used geometries are: a irular ondutor
(outer eletrode) plus a entral eletrode (see Fig. 1), and an elongated retangular region
with a small eletrode in one end and the other end ating as the other eletrode. Then an
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Figure 1: Shemati view of the two-dimensional irular geometry used in our alulations.
eletri potential is applied to eah eletrode, the dierene of potential must be big enough
to reah the neessary eletri eld to break the dieletri medium. All onlusions obtained
in these two-dimensional geometries an be readily applied to the real 3-dimensional ase.
In the theoretial study of the evolution of the disharge hannel, the simplest possibility
is to expand the inner eletrode towards the regions of maximum eletri elds. For exam-
ple, the evolution in the irular geometry proeed in the following way: rst, implement
boundary onditions for the potential φ in the entral and outer eletrodes; seond nd the
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region of higher eletri eld (this will be a neighbor of the inner eletrode); third, extend
the inner eletrode as to inlude the region of high eletri eld; fourth, alulate again the
eletri eld using the new boundary onditions (the inner eletrode has a dierent form
but the potential is maintained onstant) and repeat this proedure until the outer eletrode
is reahed. This neessarily gives as a result a straight line between both eletrodes as a
onsequene of the tip eet mentioned previously.
There exists several models in the literature that attempt to nd the tortuous struture
of lightning, based in proedures similar to the one mentioned in the previous paragraph.
The presently aepted model of lightning[5, 6, 7℄ was developed by Niemeyer, Pietronero
and Wiesmann in 1984, and follow these steps but inludes a stohasti term that weights a
probability that is a funtion of the value of the loal eletri eld, this model is known as
the Dieletri Breakdown Model (DBM) and produes a branhed struture whose fratal
dimension is similar to the ones obtained experimentally for the same geometry.
In this work we will show that it is possible to obtain a muh more realisti branhed
struture of lightning that follow from a deterministi treatment, that only relies in mini-
mizing the total energy stored in the system and hanging loally the dieletri permitivity
of the medium (not the geometry of the inner eletrode) at eah step of iteration.
Before proeeding to explain our model of lightning, we must review some physial on-
epts that will help us to understand the underlying simple mehanisms ating on the system
to produe the branhed struture.
The parallel plate apaitor is a very simple eletrial devie that has all the neessary
ingredients to understand the physial onepts[8℄ under work in our problem at hand. This
devie onsists of two parallel ondutive plates (of area A) separated by a short distane
(d) and lled with a dieletri material of dieletri permitivity ε. The energy stored in the
eletri eld an be obtained from
U =
1
2
∫
ε(E · E)dV. (1)
If we disonnet the battery after harging the apaitor, the harge in this devie will be held
onstant, and the energy stored in the eletri eld (the total energy) will be proportional
to d/ε. Physial systems always evolve trying to redue the total stored energy[9℄, this
implies a fore between the plates trying to redue the distane d, and if you insert a slab
of a material having a dieletri permitivity ε' greater than ε, the slab will be pulled into
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the apaitor. Now we ame to a key point for our model, if instead of maintaining Q
onstant the potential dierene is maintained onstant, the energy stored in the eletrial
eld is proportional to ε/d. In experiments at onstant Q or V there are fores trying to
redue d and to inrease ε. From this we learn that in experiments at onstant V, U is not
the total energy of the system beause the system evolves trying to inrease U. There is a
missing energy term that omes from a rearrangement of harges in the wires to maintain
V onstant. When this term is introdued, the total energy is again proportional to d/ε.
In short, we an study systems at onstant V by letting them to evolve towards regions of
higher U (or C).
The eletrostati energy U an be obtained as follows: First, impose the boundary on-
ditions: φ=0 in the inner eletrode and φ=1 in the outer eletrode. Seond, impose a xed
onstant value for the dieletri permitivity ε in all the region between the eletrodes. Third,
solve the poisson equation
∇ · (ε∇φ) = −ρ, (2)
obtaining the potential φ in the region between the eletrodes, in our ase we do not onsider
the presene of free harges in this region and we set the harge density ρ to zero. Fourth,
obtain the eletri eld by taking the gradient of this potential, and using Eq. 1, obtain the
eletrostati energy.
In the ase of ylindrial symmetry, the eletri eld and the energy U an be obtained
analytially. After the rst step in the evolution of the disharge hannel the system loose
this symmetry, and we have to rely to numerial methods for obtaining the energy U.
Now we will study the dieletri breakdown in the irular geometry of Fig. 1. We on-
sider a two-dimensional square lattie, where the entral point is the inner eletrode and
the outer eletrode is modeled as a irle. The boundary onditions, φ=0 in the inner ele-
trode and φ=1 in the outer eletrode, are maintained trough all the steps in our simulation.
The rst step is to assign a xed value ε to the dieletri permitivity of eah lattie point
between the eletrodes and set the disharge hannel to the entral point. The seond step
is to obtain the energies U of the system after hanging the dieletri permitivity in one of
eah neighbor of the disharge hannel to a greater value ε', these energies are ompared
and the neighbor providing the bigger energy value is added to the hannel. This last step
is repeated until the hannel reah the outer eletrode.
There are several points worth to mention about our model of lightning: To maintain the
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model simple, hannel evolution through the diagonals are not permitted. Tip and sreening
eets are obviously inorporated, but they are not the only essential points in the model.
Changing the loal dieletri permitivity in not as drasti as hanging the geometry of the
inner eletrode. The loal hange in permitivity is a key point of our model, providing
the mehanism for the system to develop a branhed struture in the evolution towards a
onguration that minimizes the total stored energy. Our simulated disharge hannels for
small latties don't look very realisti, but obtaining better results using bigger latties,
would require to implement sophistiated numerial methods.
Fig. 1 shows a disharge hannel for a 20x20 square lattie after 40 iterations. The
inner eletrode is represented by the entral site and the outer eletrode is represented by a
disretized version of the big irle. For eah dierent onguration, the numerial solution
of Eq. 2 was aepted when the numerial residual was less than 10
−4
, the values for the
dieletri permitivity outside the hannel was ε=1 and inside the hannel was ε'=5. The
lled boxes represent the disharge hannel (sites where the permitivity is ε'). The irles
show all possible sites where the hannel an evolve, the diameter of eah of these irles
represent the value for the energy U of the system in ase this site is added to the hannel.
The irle at the extreme right of the gure, having the blak box inside, represent the site
giving the biggest ontribution to the system energy and is the next step in the evolution of
this disharge hannel.
The evolution of the disharge hannel shown in Fig. 1 shows several important aspets
that are not present in other models of lightning: The entral site grows at the beginning
evolving towards eah neighbor, forming a entral ross. Then eah of the four tips is
prolonged forming a bigger entral ross (only one of these tips would grow if only the tip
eet were at work). This entral ross inrease size until some branhes develop. Although
diagonals are not permitted, the hannel performs a zigzag evolution to form branhes from
the entral site along the diagonals.
Upward-moving disharges initiated from earth attah with the downward-moving leader
in real lightning. We extended our model to onsider two initial branhes: the main branh
oming from the entral lattie site and the return branh oming from the outer eletrode.
Apart from onsidering the possible evolution of the system by extending the return branh,
no other hanges were made to the numerial implementation of our model. In Fig. 2 we
show the evolution for the same system as the one used for obtaining Fig. 1, but inluding
6
-10 -8 -6 -4 -2 0 2 4 6 8 10
x
-10
-8
-6
-4
-2
0
2
4
6
8
10
y
φ = 0
φ = 1
Figure 2: Disharge hannel, for a 20 x 20 square lattie, showing the attahment between the
return branh (outer gray boxes) and the main branh (inner gray boxes).
the possibility of a return branh and aepting the numerial solution of Eq. 2 when the
numerial residual was less than 10
−2
. The return branh begin to evolve, after 36 steps
of evolution of the main branh, by extending the return branh towards the site having
the blak box inside (at the extreme left of the gure). The site between this point and
the main branh is the next step in the evolution, ompleting the path for this disharge
hannel from the inner eletrode towards the outer eletrode. Although the onguration
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of the inner part of the disharge hannel is the same for Fig. 1 and Fig. 2 (rotated), its
evolution after the attahment is dierent. Obtaining the return branh in our numerial
simulations is a really satisfatory nding, as nobody dreamed in the possibility of obtaining
this attahment using any of the present models of lightning.
Presently, there is a great sienti interest in the realisti modeling of lightning[10℄
for: improving models of storms for limate studies; helping in the prevention of airraft,
spaeraft, and other aidents; et. The numerial implementation of our model is similar
(although oneptually dierent) to others models of lightning, making easy to others groups
to hek and extend our results. It would be interesting to test if the lightning hannel is
already formed before any eletrial urrent is transported by the hannel, this ould be
ahieved in experiments using optial methods for measuring the dierenes of refration
index in the system.
The physial mehanism underlying our work is not limited to explain the branhed
struture of lightning, and we expet that our work will help to understand the origin of
branhed strutures in many other physial systems.
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